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Abstract
We derive new, sharp lower bounds for certain curvature func-
tionals on the space of Riemannian metrics of a smooth compact 4-
manifold with a non-trivial Seiberg-Witten invariant. These allow
one, for example, to exactly compute the infimum of the L2-norm of
Ricci curvature for all complex surfaces of general type. We are also
able to show that the standard metric on any complex hyperbolic 4-
manifold minimizes volume among all metrics satisfying a point-wise
lower bound on sectional curvature plus suitable multiples of the scalar
curvature. These estimates also imply new non-existence results for
Einstein metrics.
1 Introduction
The aim of modern Riemannian geometry is to understand the relationship
between topology and curvature. It is thus interesting and natural to consider
differential-topological invariants of a smooth compact n-manifold which, by
their very definition, represent quantitative obstructions to the existence of a
scalar-flat (or Ricci-flat, or flat) metric on the given manifold. For example,
if M is a smooth compact n-manifold, one may define invariants
Is(M) = inf
g
∫
M
|sg|n/2dµg
∗Supported in part by NSF grant DMS-9802722.
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Ir(M) = inf
g
∫
M
|r|n/2g dµg
IR(M) = inf
g
∫
M
|R|n/2g dµg
where the infima are to be taken over all metrics g on M , where s, r, and
R respectively denote the scalar, Ricci, and Riemann curvatures of g, and
where dµ denotes Riemannian volume measure. The power of n/2 is used for
reason of scale invariance: any other choice would result in the zero invariant.
Still, one has every right to suspect that invariants with such soft definitions
will either be trivial, or else will be completely impossible to calculate in
practice.
This suspicion would seem to be vindicated by a recent result of Petean
[34], who, building upon the earlier work of Gromov-Lawson [17] and Stolz
[38], showed that Is(M) = 0 for any simply connected n-manifold, n ≥ 5.
Dimension 4, however, turns out to be radically different. Seiberg-Witten
theory naturally leads to non-trivial lower bounds for Is which, amazingly,
are often sharp. Using this, the author has elsewhere [28, 29] computed
Is(M) for all complex surfaces M with even first Betti number; it turns out
that Is(M) is positive exactly for the surfaces of general type, and for these
it is given by the formula
Is(M) = 32π2c21(X),
where X is the minimal model of M , in the sense of Kodaira.
One main purpose of the present article is to similarly calculate Ir for
the complex surfaces. Unlike the Is, this invariant is changed by blowing up,
and in Theorem 4.3 we will see that it is given by
Ir(M) = 8π2[c21(X) + k]
where k is the number of points of X which must be blown up in order to
obtain M .
This, however, is just one application of some new curvature estimates
we will develop here. Fundamentally, the story is not about the Ricci cur-
vature at all, but instead principally concerns the roˆle of the self-dual Weyl
curvature. Recall that the 2-forms on an oriented 4-manifold decompose as
Λ2 = Λ+ ⊕ Λ−,
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where Λ± is the (±1) eigenspace of Hodge star operator ⋆. Thinking of the
curvature tensor R as a linear map Λ2 → Λ2, we thus get a decomposition
[37]
R =


W+ +
s
12
B
B∗ W− +
s
12


into irreducible pieces. Here the self-dual and anti-self-dual Weyl curvatures
W± are the trace-free pieces of the appropriate blocks. The scalar curvature
s is understood to act by scalar multiplication, and B amounts to the trace-
free part
◦
r= r − s
4
g of the Ricci curvature, acting on anti-self-dual 2-forms
by
ψab 7→ ◦rac ψcb−
◦
rbc ψ
c
a.
The key estimate of the article is to be found in Theorem 2.3: if (M, g) is
an oriented Riemannian 4-manifold, and if, for a fixed spinc structure on M ,
the Seiberg-Witten equations have a solution for every metric conformally
related to g, then the curvature of g satisfies
∫
M
(
2
3
s− 2
√
2
3
|W+|
)2
dµ ≥ 32π2(c+1 )2,
where c+1 is the self-dual part, with respect to g, of the first Chern class of
the spinc structure. Information about the Ricci curvature is then indirectly
extracted from this, by means of the Gauss-Bonnet-like formula
(2χ+ 3τ)(M) =
1
4π2
∫
M
(
2|W+|2 + s
2
24
− |
◦
r |2
2
)
dµ, (1)
which holds for every Riemannian metric g on M . Here χ(M) and τ(M)
denote the Euler characteristic and signature of M , respectively.
The above estimate should be compared and contrasted to the analogous
inequality ∫
M
s2dµ ≥ 32π2(c+1 )2.
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for the scalar curvature, keeping in mind that |s| = 2√6|W+| for any Ka¨hler
metric. This seems all the more remarkable insofar as the older estimate is
only saturated by constant-scalar-curvature Ka¨hler metrics, while the new
estimate is apparently saturated by a larger class of almost-Ka¨hler metrics.
This reflects an under-utilized aspect of Taubes’ construction of solutions of
the Seiberg-Witten equations on symplectic manifolds [40, 41], and would
appear to be a promising avenue for further research.
These estimates also give one new obstructions to the existence for Ein-
stein metrics. Recall that that a smooth Riemannian metric g is said to be
Einstein if its Ricci curvature r is a constant multiple of the metric:
r = λg.
Not every smooth compact oriented 4-manifold M admits such a metric.
Indeed, a well-known necessary condition is thatM must satisfy [19, 42, 6] the
Hitchin-Thorpe inequality 2χ(M) ≥ 3|τ(M)|, where again χ and τ denote the
signature and Euler characteristic. Indeed, this is an immediate consequence
of (1), since the Einstein condition may be rewritten as
◦
r= 0, and
◦
r makes
the only negative contribution to the integrand. Notice, however, that one
could strengthen the conclusion given an a priori lower bound for the term
1
4π2
∫
M
(
2|W+|2 + s
2
24
)
dµ.
But a lower bound is not difficult to extract from the above estimate, and
this allows one to show (Corollary 3.4) that if a minimal complex surface X
is blown up k times, the resulting complex surface
M = X#kCP2
does not admit Einstein metrics if k ≥ 1
3
c21(X). This improves previous
results [28, 30], where the same conclusion is reached for larger values of k.
The invariant IR introduced at the beginning of this introduction is often
easy to compute in dimension 4, because [6]
IR(M) ≥ 8π2χ(M),
with equality if M admits an Einstein metric. In particular, it is trivial
to read off this invariant for a compact hyperbolic 4-manifold H4/Γ or for a
complex-hyperbolic 4-manifold CH2/Γ. (The complex hyperbolic plane CH2
4
may abstractly be defined as the symmetric space SU(2, 1)/U(2), but it is
typically more useful to think of it as the unit ball in C2, equipped with
the Bergmann metric.) It might be tempting to assume that this tells one
everything there is to know about the sectional curvatures of metrics on these
spaces; but in reality, that is wide off the mark! For example, one might ask
whether the standard metric, suitably normalized, has least volume among
all metrics of sectional curvature K ≥ −1. For real-hyperbolic manifolds the
answer is affirmative, and indeed this holds in all dimensions; however, the
proof, due to Besson-Courtois-Gallot [7], depends not only on a remarkable
inequality concerning volume entropy, but also on an optimal application
of Bishop’s inequality. For complex-hyperbolic manifolds, the latter breaks
down, and the question therefore remains open.
While the above question cannot be settled by present means, our es-
timates do allow one to answer a closely related question. Notice that a
4-manifold with K ≥ −1 also satisfies
1
2
(
K +
s
12
)
≥ −1.
Given a complex hyperbolic 4-manifold, we are able to show (Theorem 5.3)
that, among metrics on a complex-hyperbolic manifold satisfying this cur-
vature constraint, an appropriate multiple of the standard metric has least
volume. Similar results also hold metrics subject to the curvature constraint
tK + (1− t) s
12
≥ −1
for any constant t ∈ [0, 1/2].
2 Weyl Curvature Estimates
In this section, we derive new L2 estimates for combinations of the Weyl and
scalar curvatures of certain Riemannian 4-manifolds. These considerably
refine the estimates previously found in [30].
Let M be a smooth, compact, oriented 4-manifold. Each Riemannian
metric g on M then determines a direct sum decomposition
H2(M,R) = H+g ⊕H−g ,
where H+g (respectively, H−g ) consists of those cohomology classes for which
the harmonic representative is self-dual (respectively, anti-self-dual). The
5
non-negative integer b+(M) = dimH+g is independent of g, and we will hence-
forth always assume it to be positive. It is thus natural to consider the set
of metrics g for which H+g = H for some fixed b+(M)-dimensional subspace
H ⊂ H2(M,R); such metrics will be said to be H-adapted. Assuming there
is at least one H-adapted metric, we will then say that H is a polarization
of M , and call the pair (M,H) a polarized 4-manifold [27]. Notice that the
restriction of the intersection pairing
⌣: H2(M,R)×H2(M,R)→ R
to H is then positive definite, and that H ⊂ H2 is maximal among subspaces
with this property.
Let c be a spinc structure on M . Then c determines a Hermitian line-
bundle L→M with
c1(L) ≡ w2(M) mod 2,
and for each metric g we also have rank-2 complex vector bundles V± →M
which formally satisfy
V± = S± ⊗ L1/2,
where S± are the locally-defined left- and right-handed spinor bundles of g.
Given a polarization H on M , we will then use c+1 to denote the orthogonal
projection of c1(L) into H with respect to the intersection form. If g is a
particular metric with H+g = H , we will also freely use c1(L) to denote the
g-harmonic 2-form representing the corresponding de Rham class, and use c+1
to denote its self-dual part. For example, if a choice of H-compatible metric
g has already been made, the number
|c+1 | :=
√
(c+1 )
2
may freely be identified with the L2-norm of the self-dual g-harmonic form
denoted by c+1 .
For each Riemannian metric g, the Seiberg-Witten equations [45]
DAΦ = 0 (2)
F+A = iσ(Φ) (3)
are equations for an unknown Hermitian connection A on L and an unknown
smooth section Φ of V+. Here DA is the Dirac operator coupled to A, and
σ : V+ → Λ+ is a certain canonical real-quadratic map. The latter formally
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arises from the fact that V+ = S+⊗L1/2, whereas Λ+⊗C = ⊙2S+; it is invari-
ant under parallel transport, and satisfies |σ(Φ)|2 = |Φ|4/8. In conjunction
with (3), the latter immediately gives us the important inequality∫
M
|Φ|4dµ ≥ 32π2(c+1 )2 (4)
because 2πc+1 is the harmonic part of −σ(Φ).
In this paper, we will primarily be interested in 4-manifolds for which
there is a solution of the Seiberg-Witten equations for each metric. Let us
make this more precise by introducing some terminology; cf. [25].
Definition 1 Let M be a smooth compact oriented 4-manifold, let H ⊂
H2(M,R) be a polarization of M , and let c be a spinc structure on M . Then
we will say that c is a monopole class for (M,H) if the Seiberg-Witten equa-
tions (2–3) have a solution for every H-adapted metric g.
This definition will be useful in practice, of course, only because of the
existence of Seiberg-Witten invariants [24, 45] . For example, if a spinc
structure satisfies [c1(L)]
2 = (2χ + 3τ)(M), and if c+1 6= 0 relative to the
polarization H = H+g , then the Seiberg-Witten invariant SWc(M ;H) can
be defined as the number of solutions, modulo gauge transformations and
counted with orientations, of a generic perturbation
DAΦ = 0
iF+A + σ(Φ) = φ
of (2–3), where φ is a smooth self-dual 2-form of small L2 norm. If this
invariant is non-zero, then c is a monopole class for (M,H), where H is
the polarization determined by the metric g. If b+(M) ≥ 2, SW c(M,H) is
actually independent of the polarization H ; when b+(M) = 1, by contrast,
it is well defined only for those polarizations for which c+1 6= 0, and its value
typically depends on whether c+1 is a future-pointing or past-pointing time-
like vector in the Lorentzian vector space H2(M,R).
More generally [32, 31], suppose that we have a spinc structure such that
ℓ =
[c1(L)]
2 − (2χ+ 3τ)(M)
4
is a non-negative integer. Then the moduli space Mc,g of gauge-equivalence
classes of solutions of a generic perturbation of (2–3) is a smooth compact
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ℓ-manifold; moreover, it acquires a canonical orientation once we choose an
orientation for the vector space H1(M,R)⊕H . Fix ℓ loops β1, . . . , βℓ in M ,
and define a smooth mapMc,g → T ℓ from the moduli space to the ℓ-torus by
sending the gauge-equivalence class [(Φ, A)] to the holonomies of the U(1)
connection A around the ℓ given loops. The homotopy class of this map
only depends on the homology classes [βi] ∈ H1(M,Z), one we may therefore
define SWc(M, [β1], · · · , [βℓ];H) ∈ Z to be the degree of this map. Again, if
this invariant is non-zero, c is a monopole class of (M,H).
Many of the most remarkable consequences of Seiberg-Witten theory stem
from the fact that the equations (2–3) imply the Weitzenbo¨ck formula
0 = 4∇∗∇Φ+ sΦ + |Φ|2Φ, (5)
where s denotes the scalar curvature of g. Taking the inner product with Φ,
it follows that
0 = 2∆|Φ|2 + 4|∇Φ|2 + s|Φ|2 + |Φ|4. (6)
If we multiply (6) by |Φ|2 and integrate, we have
0 =
∫
M
[
2
∣∣ d|Φ|2 ∣∣2 + 4|Φ|2|∇Φ|2 + s|Φ|4 + |Φ|6] dµg,
so that ∫
(−s)|Φ|4dµ ≥ 4
∫
|Φ|2|∇Φ|2dµ+
∫
|Φ|6dµ. (7)
We will see in a moment that this implies some remarkable estimates for the
Weyl curvature of suitable 4-manifolds.
Before doing so, however, let us first recall that the self-dual Weyl tensor
at a point x of an oriented Riemannian 4-manifold (M, g) may be viewed as a
trace-free endomorphism W+(x) : Λ
+
x → Λ+x of the self-dual 2-forms at x. We
will use w(x) denotes its lowest eigenvalue; notice that this is automatically
a Lipschitz continuous function w : M → (−∞, 0]. Let us also fix the
notational convention that, for any real-valued function f : M → R, f− :
M → (−∞, 0] is defined by f−(x) = min(f(x), 0). With these preliminaries,
we are now prepared to prove our first, crucial result:
Proposition 2.1 Let (M, g) be a compact oriented Riemannian 4-manifold
on which there is a solution of the Seiberg-Witten equations. Let c1(L) be the
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first Chern class of the relevant spinc structure, and let c+1 denote its self-dual
part with respect to g. Then
V 1/3
(∫
M
|(2
3
sg + 2wg)−|3dµ
)2/3
≥ 32π2(c+1 )2, (8)
where V = Vol(M, g) =
∫
M
dµg is the total volume of (M, g).
Proof. Any self-dual 2-form ψ on any oriented 4-manifold satisfies the
Weitzenbo¨ck formula [9]
(d+ d∗)2ψ = ∇∗∇ψ − 2W+(ψ, ·) + s
3
ψ,
where W+ is the self-dual Weyl tensor. It follows that∫
M
(−2W+)(ψ, ψ) ≥
∫
M
(−s
3
)|ψ|2 dµ−
∫
M
|∇ψ|2 dµ,
so that
−
∫
M
2w|ψ|2 ≥
∫
M
(−s
3
)|ψ|2 dµ−
∫
M
|∇ψ|2 dµ,
and hence
−
∫
M
(
2
3
s + 2w)|ψ|2 ≥
∫
M
(−s)|ψ|2 dµ−
∫
M
|∇ψ|2 dµ.
On the other hand, the particular self-dual 2-form ϕ = σ(Φ) = −iF+A satisfies
|ϕ|2 = 1
8
|Φ|4,
|∇ϕ|2 ≤ 1
2
|Φ|2|∇Φ|2.
Setting ψ = ϕ, we thus have
−
∫
M
(
2
3
s+ 2w)|Φ|4 ≥
∫
M
(−s)|Φ|4 dµ− 4
∫
M
|Φ|2|∇Φ|2 dµ.
But (7) tells us that∫
M
(−s)|Φ|4 dµ− 4
∫
M
|Φ|2|∇Φ|2 dµ ≥
∫
M
|Φ|6 dµ,
9
so we obtain
−
∫
M
(
2
3
s+ 2w)−|Φ|4dµ ≥ −
∫
M
(
2
3
s+ 2w)|Φ|4dµ ≥
∫
M
|Φ|6 dµ.
By the Ho¨lder inequality, we thus have
(∫
|(2
3
s+ 2w)−|3dµ
)1/3(∫
|Φ|6dµ
)2/3
≥
∫
|Φ|6 dµ,
Since the Ho¨lder inequality also tells us that
∫
|Φ|6 dµ ≥ V −1/2
(∫
|Φ|4dµ
)3/2
,
we thus have
V 1/3
(∫
M
|(2
3
sg + 2wg)−|3dµ
)2/3
≥
∫
|Φ|4dµ ≥ 32π2(c+1 )2,
as claimed.
While this result is the key to everything that follows, its direct utility is
limited by the fact that it is an L3, rather than an L2, estimate. Fortunately,
however, we will be able to extract an L2 estimate by means of a conformal
rescaling trick, the general idea of which is drawn from Gursky [18]:
Lemma 2.2 Let (M, γ) be a compact oriented 4-manifold with a fixed smooth
conformal class of Riemannian metrics. Suppose, moreover, that γ does not
contain a metric of positive scalar curvature. Then, for any α ∈ (0, 1), there
is a metric gγ ∈ γ of differentiability class C2,α for which s + 3w is a non-
positive constant.
Proof. Let g0 ∈ γ be a fixed smooth back-ground metric, and notice that,
for g = u2g0 ∈ γ, the function Sg = sg + 3wg is given by
Sg = u
−3 (6∆g0u+Sg0u)
by virtue of the weighted conformal invariance of W+. Thus S behaves
under conformal rescaling just like the scalar curvature, despite the fact that
10
it might well only be a Lipschitz function. In order to find a suitable choice
of u, we therefore attempt to minimize
F(u) =
∫
M
(6|du|2 +Sg0u2) dµg0(∫
M
u4dµg0
)1/2
on the positive sector of the unit sphere in the Sobolev space L21(M, g0).
Yamabe’s ansatz for doing this [46, 4] is to minimize the functionals
Fǫ(u) =
∫
M
(6|du|2 +Sg0u2) dµg0(∫
M
u4−ǫdµg0
)1/(2− ǫ
2
)
and then take the limit of the minimizers as ǫ ց 0. For each ǫ > 0, the
existence of minimizers follows from the Sobolev embedding theorem; indeed,
following the proof of [4, Theomem 5.5], but deleting the very last sentence,
one obtains a positive function uǫ of class C
2,α which solves
6∆g0u+Sg0u = cǫu
3−ǫ, (9)
where cǫ is the infimum of Fǫ on the positive sector of the unit sphere of
L21(M, g0). The convergence as ǫ ց 0 then follows from an observation of
Trudinger [43]. Namely, sinceS ≤ s for any metric, and since there is nothing
to prove if S = s, our hypothesis that there is no metric of positive scalar
curvature in γ allows us to assume that that c0 = inf cǫ < 0. Inspection of
(9) at a maximum then gives us the C0 estimate
uǫ ≤ 1 +
√∣∣∣∣ infSg0c0
∣∣∣∣
for all small ε. This implies [4, Theorem 6.5] that u = limǫ→0 uǫ exists in C
1,
and is a weak solution of
6∆g0u+Sg0u = c0u
3.
Schauder theory then tells us that u is actually a C2,α function. In particular,
gγ = u
2g0 is a C
2,α metric, with curvature satisfying Sgγ = c0 in the classical
sense.
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Theorem 2.3 Let (M,H) be a polarized smooth compact oriented 4-
manifold, and let c be a monopole class for (M,H). Let c1(L) ∈ H2(M,R)
denote the anti-canonical class of c, and let c+1 6= 0 be its orthogonal pro-
jection to H with respect to the intersection form. Then every H-adapted
Riemannian metric g satisfies
∫
M
(
2
3
s− 2
√
2
3
|W+|
)2
dµ ≥ 32π2(c+1 )2. (10)
Proof. Let γ be the conformal class of some H-adapted metric g. Since
the Hodge star operator is conformally invariant in the middle dimension,
every metric in γ is also H-adapted. Since c is a monopole class for H ,
it therefore follows that γ does not contain any metrics of positive scalar
curvature. Lemma 2.2 therefore applies, and tells us that the conformal class
γ contains a metric gγ for which that
2
3
s+2w = 2
3
S is a non-positive constant.
For this metric, one then has
∫
M
|(2
3
sgγ + 2wgγ)−|2dµgγ = V 1/3gγ
(∫
M
|(2
3
sgγ + 2wgγ)−|3dµgγ
)2/3
,
so that ∫
M
|(2
3
sgγ + 2wgγ)−|2dµgγ ≥ 32π2(c+1 )2
by Proposition 2.1. Thus we at least have an L2 estimate concerning the
conformally related metric gγ.
Let us now compare the left-hand side with analogous expression for the
given metric g. To do so, we express g in the form g = u2gγ, where u is a
positive C2 function, and observe that∫
M
(
2
3
sg + 2wg)−u
2dµgγ ≤
∫
M
(
2
3
sg + 2wg
)
u2dµgγ
=
2
3
∫
Sgu
2dµgγ
=
2
3
∫
u−3
(
6∆gγu+Sgγu
)
u2dµgγ
=
2
3
∫ (
−6u−2|du|2gγ +Sgγ
)
dµgγ
12
≤ 2
3
∫
Sgγdµgγ
=
∫
M
(
2
3
sgγ + 2wgγ)−dµgγ .
Applying Cauchy-Schwarz, we thus have
−V 1/2gγ
(∫
|(2
3
sg + 2wg)−|2dµg
)1/2
= −V 1/2gγ
(∫ (
2
3
sg + 2wg
)2
u4dµgγ
)1/2
≤
∫
M
(
2
3
sg + 2wg
)
u2dµgγ
≤
∫
M
(
2
3
sgγ + 2wgγ
)
dµgγ
= −V 1/2gγ
(∫
|(2
3
sgγ + 2wgγ)−|2dµgγ
)1/2
,
and hence ∫
M
|(2
3
sg + 2wg)−|2dµg ≥
∫
M
|(2
3
sgγ + 2wgγ)−|2dµgγ .
This shows that ∫
M
|(2
3
sg + 2wg)−|2dµg ≥ 32π2(c+1 )2 (11)
for every H-adapted metric g.
Finally, we observe that
−
√
2
3
|W+|g ≤ wg
for any metric, simply because W+ is trace-free. It follows that(
2
3
s− 2
√
2
3
|W+|g
)2
≥ |(2
3
sg + 2wg)−|2
at every point, and (11) therefore implies the desired inequality (10).
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The inequalities we have just derived are certainly sharp, in the sense
that equality is attained by any Ka¨hler metric of constant negative scalar
curvature. However, we will now see that equality also holds in principle for
a broader class of metrics. To make this precise, suppose that (M,ω) is a
symplectic 4-manifold, and let g be a Riemannian metric such that
ω(·, ·) = g(J ·, ·)
for some almost complex structure J on M ; equivalently, suppose that ω is
self-dual with respect to g and has constant norm |ω|g =
√
2. One then says
that g is an almost-Ka¨hler metric, with almost-Ka¨hler form ω. Evidently, g is
actually Ka¨hler if J is integrable, but Gromov’s theory of pseudo-holomorphic
curves [16] and Taubes’ characterization [40, 41] of the Seiberg-Witten in-
variants of symplectic 4-manifolds have conclusively swept the study of such
metrics into the mathematical main-stream.
In order to state our next result, we will need extra terminology in this
connection. The ∗-scalar curvature of a 4-dimensional almost-Ka¨hler mani-
fold (M, g, ω) is by definition the function
s∗ =
s
3
+ 2W+(ω, ω).
This definition is motivated by the fact that the scalar curvature s and ∗-
scalar curvature s∗ coincide for any Ka¨hler manifold. Notice that we auto-
matically have the inequality
s∗ ≥ s
3
+ 4w,
with equality iff the almost-Ka¨hler form ω belongs to the lowest eigenspace
of W+.
Proposition 2.4 Suppose that equality holds in either (8) or (11). Then g
is an almost-Ka¨hler metric with the following properties:
• the almost-Ka¨hler form ω belongs, at each x ∈ M , to the lowest
eigenspace of W+;
• the sum s + s∗ of the scalar and ∗-scalar curvatures is a non-positive
constant;
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• the first Chern class of (M,ω) is of type (1, 1), and coincides with first
Chern class c1(L) of the relevant spin
c structure.
If equality holds in (10), these same conclusions hold, but, in addition,
• the self-dual Weyl curvature W+ is invariant with respect to the almost-
complex structure J of (M, g, ω).
Conversely, any compact almost-Ka¨hler 4-manifold satisfying these condi-
tions saturates the corresponding inequalities, and its first Chern class is a
monopole class of the corresponding polarization.
Proof. If equality holds in (8), the last inequality in the proof of Proposition
2.1 forces σ(Φ) to be the harmonic representative of −2πc+1 . Moreover, the
Ho¨lder inequalities used in that proof shows that equality can only hold if
|Φ|2 and −(2
3
s + 2w) are constant, and moreover equal. Thus the harmonic
form ϕ = σ(Φ) has constant norm, so that ω = −√2ϕ/|ϕ| is an almost-
Ka¨hler form compatible with g. Moreover, L = det(V+) = V+/span(Φ)
coincides with the anti-canonical line bundle associated with the almost-
complex structure J . Since c+1 is now a (non-positive) multiple of [ω] and
since the volume V = Vol(M, g) of an almost-Ka¨hler 4-manifold is exactly
[ω]2/2, the fact that 2
3
s+ 2w is a non-positive constant tells us that we now
have ∫
(
2
3
s+ 2w)dµ = −V 1/24
√
2π|c+1 | = 4πc1(L) · [ω],
since by assumption equality holds in (8). It thus follows that∫
1
2
(s+ s∗)dµ ≥ 4πc1(L) · [ω],
with equality iff ω everywhere belongs to the lowest eigenspace of W+. How-
ever, Blair [8] has shown that∫
1
2
(s+ s∗)dµ = 4πc1 · [ω] (12)
for any almost-Ka¨hler 4-manifold. We thus conclude that ω is everywhere in
the lowest eigenspace of W+.
If we instead have equality in (11) or (10), we must in particular be at
the minimum of ∫
|(2
3
s+ 2w)−|2dµ
15
among metrics in the given conformal class. This then implies that 2
3
s+ 2w
is constant, and we therefore also have equality in (8), and the claim follows
from the previous argument.
The converse assertions follow from [40] and (12). Details are left to the
interested reader.
In a na¨ıve sense, this provides a complete characterization of the metrics
which saturate (8), (10), and (11). It remains to be seen, however, whether
such metrics can ever be strictly almost-Ka¨hler, in the sense that the almost-
complex structure J fails to be integrable. For example, a beautiful recent
result of J. Armstrong [2] asserts the non-existence of compact, Einstein,
strictly almost-Ka¨hler 4-manifolds on which ω is everywhere an eigenvector
of W+. Thus:
Corollary 2.5 Suppose that g is an Einstein metric which saturates (8),
(10), or (11). Then g is actually Ka¨hler-Einstein.
Similarly, a recent result of Apostolov-Armstrong-Dra˘ghici [1] implies
that an almost-Ka¨hler metric saturating (10) is Ka¨hler iff its Ricci tensor
is J-invariant.
3 Einstein Metrics
Our first application of the preceding Weyl estimates will be to prove new
non-existence for Einstein metrics on suitable smooth compact 4-manifolds.
We begin by proving the following technical result:
Proposition 3.1 Let (M,H) be a polarized smooth compact oriented 4-
manifold with monopole class c. Then every H-adapted metric satisfies
1
4π2
∫
M
(
s2g
24
+ 2|W+|2g
)
dµg ≥ 2
3
(c+1 )
2.
If equality holds, moreover, g is an almost-Ka¨hler metric of the type described
in Proposition 2.4.
Proof. Let us begin by rewriting the inequality (10) as∥∥∥∥∥23s− 2
√
2
3
|W+|
∥∥∥∥∥ ≥ 4
√
2π|c+1 |,
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where ‖ · ‖ denotes the L2 norm with respect to g. By the triangle inequality,
we therefore have
2
3
‖s‖+ 1
3
‖(
√
24|W+|)‖ ≥ 4
√
2π|c+1 |. (13)
We now elect to interpret the left-hand side as the dot product
(
2
3
,
1
3
√
2
) ·
(
‖s‖, ‖(
√
48|W+|)‖
)
=
2
3
‖s‖+ 1
3
‖(
√
24|W+|)‖
in R2. Applying Cauchy-Schwarz, we thus have(
(
2
3
)2 + (
1
3
√
2
)2
)1/2(∫
M
(s2 + 48|W+|2)dµ
)1/2
≥ 2
3
‖s‖+ 1
3
‖(
√
24|W+|)‖.
Thus
1
2
∫
M
(s2 + 48|W+|2)dµ ≥ 32π2(c+1 )2,
so that
1
4π2
∫
M
(
s2g
24
+ 2|W+|2g
)
dµg ≥ 2
3
(c+1 )
2,
as claimed. If equality holds, moreover, (10) is saturated, and Proposition
2.4 applies.
Proposition 3.2 Let X be a compact oriented 4-manifold with a non-trivial
Seiberg-Witten invariant, and set
M = X#kCP2#ℓ(S
1 × S3)
for integers k, ℓ ≥ 0. Then any Riemannian metric g on M satisfies
1
4π2
∫
M
(
s2g
24
+ 2|W+|2g
)
dµg ≥ 2
3
(2χ+ 3τ)(X),
and equality is possible only if k = ℓ = 0.
Proof. The proof is a direct extension of the computations in [30], although
for ℓ > 0 we now use the holonomy-constrained Seiberg-Witten invariant of
[32]; cf. [11, 31].
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Now notice that we may assume that (2χ + 3τ)(X) > 0, since other-
wise there is nothing to prove. This has the pleasant consequence that
any Seiberg-Witten invariant of X is independent of polarization, even if
b+(X) = 1. Let c1(X) denote the first Chern class of a spin
c structure
on X for which the Seiberg-Witten invariant is non-zero, and notice that
(c1(X))
2 ≥ (2χ + 3τ)(X) > 0, because the relevant Seiberg-Witten mod-
uli space must have non-negative virtual dimension. Pull c1(X) back to
M = X#kCP2ℓ(S
1 × S3) via the canonical collapsing map, and, by a stan-
dard abuse of notation, let c1(X) also denote this pulled-back class. Thus,
with respect to our given polarization,
([c1(X)]
+)2 ≥ (c1(X))2 ≥ (2χ+ 3τ)(X) > 0.
Now choose generators E1, . . . , Ek for the pull-backs to M of the k relevant
copies of H2(CP2,Z) so that
[c1(X)]
+ · Ej ≤ 0, j = 1, . . . , k.
Let β1, . . . , βℓ be closed curves in M which generate of the fundamental
groups of the ℓ relevant copies of S1 × S3. Then [14, 32] there is a spinc
structure on M with SWc(M, [β1], · · · , [βℓ];H) 6= 0 and
c1(L) = c1(X)−
k∑
j=1
Ej .
Thus c is a monopole class of (M,H). But one then has
(c+1 )
2 =
(
[c1(X)]
+ +
k∑
j=1
E+j
)2
= ([c1(X)]
+)2 − 2
k∑
j=1
[c1(X)]
+ · Ej + (
k∑
j=1
E+j )
2
≥ ([c1(X)]+)2
≥ (2χ+ 3τ)(X),
exactly as claimed.
If equality held, g would be almost-Ka¨hler, and c1(L) would be the anti-
canonical class of the associated almost-complex structure on M . But, by
construction,
c21(L) = (c1(X)−
∑
Ej)
2 = (2χ+ 3τ)(X)− k,
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whereas
(2χ+ 3τ)(M) = (2χ+ 3τ)(X)− k − 4ℓ
by Mayer-Vietoris. Since c21 = 2χ + 3τ for an almost-complex manifold,
equality is thus excluded unless ℓ = 0.
There is yet more information available, however. Indeed, if equality
held, the almost-Ka¨hler class [ω] would also necessarily be a non-positive
multiple of c+1 . On the other hand, our computation shows that equality
can only hold if [c1(X)]
+ · Ej = 0, so it would follow that [ω] · Ej = 0 for
all j. However, the Seiberg-Witten invariant would then also be non-trivial
for a spinc structure with c1(L˜) = c1(L) + 2E1, and a celebrated theorem
of Taubes [41] would then force the homology class Ej to be represented
by a pseudo-holomorphic 2-sphere in the symplectic manifold (M,ω). But
the (positive!) area of this sphere with respect to g would then be exactly
[ω] · Ej , contradicting the observation that [ω] · Ej = 0. Thus equality can
definitely be excluded unless k and ℓ both vanish.
This then gives us a new non-existence theorem for Einstein metrics:
Theorem 3.3 Let X be a compact oriented 4-manifold with a non-trivial
Seiberg-Witten invariant. Then
M = X#kCP2#ℓ(S
1 × S3)
does not admit Einstein metrics if k + 4ℓ ≥ 1
3
(2χ+ 3τ)(X).
Proof. We may assume that (2χ + 3τ)(X) > 0, since otherwise the result
follows from the Hitchin-Thorpe inequality.
Now
(2χ+ 3τ)(M) =
1
4π2
∫
M
(
s2g
24
+ 2|W+|2g −
| ◦r |2
2
)
dµg
for any metric on g on M . If g is an Einstein metric, the trace-free part
◦
r of
the Ricci curvature vanishes, and we then have
(2χ+ 3τ)(X)− k − 4ℓ = (2χ+ 3τ)(M)
=
1
4π2
∫
M
(
s2g
24
+ 2|W+|2g
)
dµg
≥ 2
3
(2χ+ 3τ)(X)
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by Proposition 3.2, with equality only if k and ℓ both vanish. If M carries
an Einstein metric, it therefore follows that
1
3
(2χ+ 3τ)(X) > k + 4ℓ.
The claim now follows by contraposition.
Specializing to the case of complex surfaces, we now have:
Corollary 3.4 Let (X, JX) be a minimal complex surface of general type,
and let (M,JM) be obtained from X by blowing up k points. Then the smooth
compact 4-manifold M does not admit any Einstein metrics if k ≥ 1
3
c21(X).
Example Let X ⊂ CP3 be a hypersurface of degree 6. Since the canonical
class on X is twice the hyperplane class, c21(X) = 2
2 · 6 = 24. Corollary 3.4
therefore tells us that if we blow up X at 8 points, the resulting 4-manifold
M = X#8CP2
does not admit Einstein metrics.
Now let us compare the complex surface M with the Horikawa surface N
obtained as a ramified double cover of CP1×CP1 branched at a generic curve
of bidegree (6, 12). Both of these simply connected complex surfaces have
c21 = 16 and pg = 10, and the underlying oriented 4-manifolds therefore have
b+ = 21 and b− = 93. In particular, both have signature τ = −72 6≡ 0 mod
16, so, by Rochlin’s theorem, neither is spin. ThusM and N have isomorphic
intersection forms by the Minkowski-Hasse classification, and are therefore
homeomorphic by Freedman’s theorem [13]. However, N has ample canonical
line bundle, and so admits a Ka¨hler-Einstein metric by Yau’s theorem. Thus,
although M and N are homeomorphic, one admits Einstein metrics, while
the other doesn’t.
If we instead start with a hypersurface X ⊂ CP3 of degree ≥ 7, one can
construct homeomorphic pairs (M,N) for which the minimal complex surface
sits well above the Noether line. Details are left to the interested reader. ♦
Remark Corollary 3.4 is the direct descendant of an analogous result in [28],
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where, using only scalar curvature estimates, a similar conclusion was proved
for k ≥ 2
3
c21(X). It was later pointed out by Kotschick [22] that such a result
alone suffices to imply the existence of homeomorphic pairs consisting of an
Einstein manifold and a 4-manifold which does not admit Einstein metrics;
however, the examples that arise by this method are quite complicated, and
have huge c21.
The intermediate step between [28] and Corollary 3.4 may be found in
[30], where Seiberg-Witten estimates of Weyl curvature were first introduced.
While crude by present standards, the method used there did lead to an
obstruction when k ≥ 25
57
c21(X), or about two-thirds of the way to the present
result.
The fact that S1 × S3 handles can be added to a 4-manifold without
losing Seiberg-Witten control of the scalar curvature was first observed by
Petean [33], although Seiberg-Witten theory only enters his result in an in-
direct manner. The search for a direct Seiberg-Witten explanation of this
phenomenon then led the author and del Rio [31, 11] to a discovery of the
generalized Seiberg-Witten invariant used here. In fact, however, this turned
out to merely be a re-discovery; quite different considerations had already
led Ozsva´th and Szabo´ [32] to develop a full-blown theory, described in a
preprint written the previous month. ✷
Let us now recall that the Hitchin-Thorpe inequality [19, 42, 6] asserts
that if a compact oriented 4-manifold M admits an Einstein metric, then
|τ(M)|
χ(M)
≤ 2
3
.
Hitchin went on to observe that the converse is certainly false, because
the argument shows in particular that a simply connected 4-manifold with
2χ(M) = −3τ(M) can admit an Einstein metric only if its a K3 surface. Ex-
amples of 4-manifolds with |τ(M)|/χ(M) < 2/3 which do not admit Einstein
metrics were first constructed by Gromov [15], using his simplicial volume
invariant; however, this method only works in the presence of an infinite fun-
damental group. In [28], simply connected examples were first constructed,
using Seiberg-Witten estimates for the scalar curvature. Shortly thereafter,
Sambusetti [35] showed that the entropy estimates of Besson-Courtois-Gallot
[7] allow one to construct examples of arbitrary Euler characteristic and sig-
nature, but again with huge fundamental group; see Petean [33] and del Rio
[11] for similar results. In the simply connected case, however, it remains
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to be seen whether (χ, τ) can really be arbitrarily specified, subject to the
obvious constraints χ ≥ 2+ |τ | and χ ≡ τ mod 2. Indeed, even the following
is open:
Question 3.5 For every q ∈ (−1, 1) ∩Q, are there smooth, compact simply
connected 4-manifolds with τ/χ = q which do not admit Einstein metrics?
Hitchin-Thorpe gives one a resoundingly affirmative answer in the range
2
3
≤ |q| < 1. The present results allow us to improve this as follows:
Corollary 3.6 Let q be a rational number with 8
23
≤ |q| < 1. Then there are
smooth, compact, simply connected 4-manifolds with τ/χ = q which do not
admit Einstein metrics.
Proof. For m any even integer bigger than 17 million, Chen [10] has con-
structed a simply connected minimal complex surface X of general type (in
fact, a hyperelliptic fibration) with τ(X) = m and χ(X) = 4m. If we now
blow up such a surface at k points, where k ≥ 11
3
m, the resulting simply
connected 4-manifold M = X#kCP2 does not admit Einstein metrics by
Corollary 3.4. Now for this manifold we have
τ(M)
χ(M)
=
5
4 + k
m
− 1,
and the right-hand side sweeps out Q ∩ (−1,− 8
23
] as k
m
ranges over
Q ∩ [11
3
,∞). This proves the claim for q negative. The case of q positive
then follows by reversing orientation.
The Weyl estimates of §2 also have interesting ramifications for the theory
of anti-self-dual 4-manifolds. Recall that an oriented Riemannian 4-manifold
is said to be anti-self-dual if it satisfies the W+ ≡ 0, and that this condition
is conformally invariant. Compact anti-self-dual manifolds exist in profusion.
Indeed, Taubes [39] has shown that for any smooth compact orientable X4,
there is an integer k0 such that M = X#kCP2 admits metrics with W+ = 0
provided that k ≥ k0. In particular, if we blow up a symplectic 4-manifold
with b+ > 1 at enough points, we obtain a manifold which admits anti-self-
dual metrics and also has a non-trivial Seiberg-Witten invariant. Let us now
consider the scalar curvature of such manifolds.
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Lemma 3.7 Let (M, g) be a compact anti-self-dual 4-manifold with a non-
zero Seiberg-Witten invariant. Then∫
M
s2dµ ≥ 72π2(c+1 )2,
where c+1 is again the self-dual part of the first Chern class of the relevant
spinc structure. If equality holds, moreover, g is an almost-Ka¨hler metric of
the type describe in Proposition 2.4.
Proof. If W+ ≡ 0, (10) becomes∫
M
4
9
s2dµ ≥ 32π2(c+1 )2,
and the desired inequality is therefore an immediate consequence. Moreover,
if equality holds, Proposition 2.4 applies, and g is an almost-Ka¨hler manifold
with the relevant special properties.
Notice that this result may be used as a vanishing theorem. For example,
if c is a spinc structure on a hyperbolic 4-manifold, the corresponding Seiberg-
Witten invariant will vanish unless (c+1 )
2 ≤ 8
3
χ. Since the non-negativity
of the virtual dimension of the Seiberg-Witten moduli space would require
that (c+1 )
2 ≥ 2χ + |c−1 |2, this would seem to lend some weak support to the
conjecture that the Seiberg-Witten invariants of a hyperbolic 4-manifold are
all zero. In any case, it also implies the following result:
Theorem 3.8 Let X be a compact oriented 4-manifold with a non-trivial
Seiberg-Witten invariant. Then
M = X#kCP2#ℓ(S
1 × S3)
does not admit anti-self-dual Einstein metrics if k + 4ℓ ≥ 1
4
(2χ+ 3τ)(X).
Proof. As in the proof of Proposition 3.2, there is a monopole class c of
(M,H) with
c1(L) = c1(X)−
k∑
j=1
Ej ,
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and such that
(c+1 )
2 ≥ (2χ+ 3τ)(X).
If M carried an anti-self-dual Einstein metric, Lemma 3.7 would then tell us
that
(2χ+ 3τ)(X)− k − 4ℓ = (2χ+ 3τ)(M)
=
1
4π2
∫
M
s2
24
dµ
≥ 72π
2
96π2
(c+1 )
2
≥ 3
4
(2χ+ 3τ)(X),
so that
k + 4ℓ ≤ 1
4
(2χ+ 3τ)(X).
Moreover, equality could only hold if k and ℓ both vanished for precisely the
same reasons delineated in the proof of Theorem 3.3.
The result now follows by contraposition.
4 Ricci Curvature Estimates
One of the most striking aspects of Seiberg-Witten theory is that it allows
one to calculate the precise value of the invariant
Is(M) = inf
g
∫
M
s2gdµg
for large classes of 4-manifolds M ; for example, if M is a complex surface of
general type, and if X is its minimal model, then [28]
inf
g
∫
M
s2gdµg = 32π
2c21(X). (14)
However, one would also like to compute the corresponding infimum
Ir(M) = inf
g
∫
M
|rg|2dµg (15)
24
for the Ricci curvature r. Since∫
|r|2dµ =
∫ (
s2
4
+ | ◦r |2
)
dµ,
where
◦
r is the trace-free part of the Ricci curvature, we obviously have
Ir(M) ≥ 1
4
Is(M) (16)
and the scalar curvature estimate obviously gives us some important informa-
tion about this problem. Moreover, because Ka¨hler-Einstein metrics saturate
the lower bound for the scalar curvature, one actually gets equality in (16)
if M happens to be a minimal complex surface of general type. For non-
minimal surfaces, however, the situation is dramatically different; indeed,
even the relatively crude Weyl estimates of [30] allow one to deduce that, for
any complex surface M of general type,
equality holds in (16) ⇐⇒ M is minimal.
Until now, however, non-trivial direct calculations of Ir have remained be-
yond the scope of the theory. Fortunately, we will now see that the estimates
of §2 are perfectly suited to this purpose. The key observation is the follow-
ing:
Proposition 4.1 Let (M,H) be a polarized smooth compact oriented 4-
manifold with monopole class c. Then every H-adapted metric satisfies
1
4π2
∫
M
(
s2g
24
+
1
2
|W+|2g
)
dµg ≥ 1
2
(c+1 )
2.
Moreover, equality holds iff g is a Ka¨hler metric of constant scalar curva-
ture, and the spinc structure is the one determined by a g-compatible complex
structure on M .
Proof. We again begin with inequality (13),
2
3
‖s‖+ 1
3
‖(
√
24|W+|)‖ ≥ 4
√
2π|c+1 |,
but this time interpret the left-hand side as the dot product
(
2
3
,
√
2
3
) ·
(
‖s‖, ‖(
√
12|W+|)‖
)
25
in R2. Applying the Cauchy-Schwarz inequality, we then obtain(
(
2
3
)2 + (
√
2
3
)2
)1/2(∫
M
(s2 + 12|W+|2)dµ
)1/2
≥ 2
3
‖s‖+ 1
3
‖(
√
24|W+|)‖.
Thus
2
3
∫
M
(s2 + 12|W+|2)dµ ≥ 32π2(c+1 )2,
and
1
4π2
∫
M
(
s2g
24
+
1
2
|W+|2g
)
dµg ≥ 1
2
(c+1 )
2,
as claimed.
If equality holds, our use of Cauchy-Schwarz forces
(
2
3
:
√
2
3
) = (‖s‖ : ‖(
√
12|W+|)‖),
which is to say that ∫
|W+|2dµ =
∫
s2
24
dµ.
In this case, we then have ∫
M
s2gdµg = 32π
2(c+1 )
2,
and it then follows [27] that the metric is Ka¨hler, and has constant scalar
curvature. Conversely, a Ka¨hler surface with constant scalar curvature
satisfies s ≡ √24|W+| and
∫
s2dµ = 32π2(c+1 )
2, so that equality is attained
for any such metric.
This then gives rise to a Ricci curvature estimate via Gauss-Bonnet for-
mulæ :
Proposition 4.2 Let (M,H) be a polarized smooth compact oriented 4-
manifold with monopole class c. Then every H-adapted metric satisfies
1
8π2
∫
M
|rg|2dµg ≥ 2(c+1 )2 − (2χ+ 3τ)(M),
where r denotes the Ricci curvature of g.
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Proof. Since (1) tells us that
(2χ+ 3τ)(M) =
1
4π2
∫
M
(
s2g
24
+ 2|W+|2g −
| ◦r |2
2
)
dµg,
it follows that
1
8π2
∫
M
|r|2dµ = 1
π2
∫
M
(
s2g
24
+
1
2
|W+|2g
)
dµg − (2χ+ 3τ)(M) (17)
for any metric on g on M . The result now follows immediately from
Proposition 4.1.
This observation supplies the key to the main result of this section:
Theorem 4.3 Let X be any minimal complex surface of general type, and
let M = X#kCP2#ℓ(S
1 × S3). Then
Ir(M) = inf
g
∫
M
|r|2dµ = 8π2(c21(X) + k + 4ℓ).
Proof. Since
(2χ+ 3τ)(M) = c21(X)− k − 4ℓ,
equation (17) tells us that it suffices to prove that
inf
g
1
4π2
∫
M
(
s2g
24
+
1
2
|W+|2g
)
dµg =
1
2
c21(X).
Now observe that the proof of Proposition 3.2 tells us that that, for every
metric g on M , there is a spinc structure c with non-zero Seiberg-Witten
invariant such that
(c+1 )
2 ≥ (2χ+ 3τ)(X) = c21(X).
Hence
1
4π2
∫
M
(
s2g
24
+
1
2
|W+|2g
)
dµg ≥ 1
2
c21(X)
for every metric g on M . It follows that
inf
g
1
4π2
∫
M
(
s2g
24
+
1
2
|W+|2g
)
dµg ≥ 1
2
c21(X).
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To finish the proof, it suffices to produce a family of metrics gε on M
such that
lim sup
ε→0+
1
4π2
∫
M
(
s2gε
24
+
1
2
|W+|2gε
)
dµgε ≤
1
2
c21(X).
To do this, let Xˇ be the pluri-canonical model of X , which carries a Ka¨hler-
Einstein orbifold metric gˇ by an immediate generalization [21, 44] of the
Aubin/Yau solution [3, 47] of the c1 < 0 case of the Calabi conjecture. Now∫
Xˇ
(
s2gˇ
24
+
1
2
|W+|2gˇ
)
dµgˇ =
1
2
c21(Xˇ) =
1
2
c21(X)
because |W+|2 ≡ s2/24 for any Ka¨hler surface, whereas a Ka¨hler-Einstein
surface has Ricci form given by sω/4, where ω is the Ka¨hler form. Let
o1, . . . , on be the orbifold points of Xˇ , if there are any. Each of these singu-
larities is of type A-D-E, meaning that oj has a neighborhood is modeled on
C2/Γj for some discrete sub-group Γj of SU(2). The passage from Xˇ to X is
accomplished by replacing each oj by a collection of (−2)-curves with inter-
sections determined by the Dynkin diagram (Coxeter graph) of type A-D-E
corresponding to Γj.
One can now construct smooth metrics on the minimal model X by modi-
fying the orbifold metric gˇ, without introducing substantial amounts of extra
volume, Ricci curvature, or self-dual Weyl curvature. Indeed, for each Γj
there are [23] gravitational instanton metrics on the minimal resolution of
C2/Γj, which is precisely obtained by replacing the origin with a set of (−2)-
curves as above. These gravitational instanton metrics are Ricci-flat and
anti-self-dual, and they closely approximate the Euclidean metric on C2/Γj ,
being of the form δjk +O(̺
−4) in the asymptotic region, where ̺ is the Eu-
clidean radius; moreover, the first and second derivatives of such a metric are
of order O(̺−5) and O(̺−6), respectively, in these coordinates. Fix such a
metric, and consider the family of gravitational instanton metrics hε obtained
by multiplying it by ε4, and then making the homothetic change x 7→ ε2x
of asymptotic coordinates. The metric hε is then uniformly δjk + O(ε
8̺−4)
on the complement of the ball of radius ε2, with first and second derivatives
O(ε8̺−5) and O(ε8̺−6), respectively. Take geodesic spray coordinates about
each of the orbifold points oj , so that gˇ takes the form δjk + O(̺
2) in these
coordinates. Delete the ε ball around each orbifold point, and replace it in
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the ̺ ≤ ε region of the corresponding gravitational instanton; and on the
transitional annulus ̺ ∈ [ε, 2ε], consider the metric
gε = f(
̺
ε
)hε + [1− f(̺
ε
)]gˇ, (18)
where f : [1, 2] → [0, 1] is a fixed smooth function which is ≡ 1 near 1 and
≡ 0 near 2. This gives us a family of metrics on X , the geometry of which
will be analyzed in a moment.
However, what we really need is a metric on M rather than on X , so we
need to modify gˇ a bit more. Now S1×S3 and CP2 both admit anti-self-dual
metrics of positive scalar curvature — namely, the obvious product metric on
S1 × S3, and the Fubini-Study metric on the reverse-oriented complex pro-
jective plane CP2. The complement of any point in S
1×S3 or CP2 therefore
admits an asymptotically flat metric with s ≡ 0 and W+ ≡ 0, namely the
standard metric rescaled by the Yamabe Greens function of the appropriate
point. One can then find asymptotic charts for these manifolds, parameter-
ized by the complement of, say, the unit ball in R4, in which these metrics
differ from the Euclidean metric by O(̺−2) and in which first and second
partial derivatives are respectively O(̺−3) and O(̺−4). (Notice the fall-off
rate is slower than in the previous case; these metrics have positive mass!)
Again multiplying by ε4, where ε is to be viewed as an auxiliary parameter,
and making a homothety as before, we thus get metrics on the complement
of the ε2 ball in R4 of the form δjk +O(ε
4̺−2), with first and second partial
derivatives of order O(ε4̺−3) and O(ε4̺−4), respectively. Again, let hε denote
the restriction of the resulting metric on the the ̺ > 2ε regions of k disjoint
punctured copies of CP2 and ℓ disjoint punctured copies of S
1 × S3. Take
geodesic spray coordinates around non-singular points p1, . . . , pk, q1, . . . , qℓ
of Xˇ , and delete ε-balls around each one, and define a metric gε on M as
hε when ̺ < ε, as gˇ when ̺ > 2ε, and as (18) on the transitional annuli
̺ ∈ [ε, 2ε]. The sectional curvature of the metrics gε are then uniformly
bounded on the annuli ε ≤ ̺ ≤ 2ε as ε ց 0, while the volumes of these
annuli are O(ε4) as ε → 0. Since the metrics we have used to replace the
ε-balls are all scalar-flat and anti-self-dual, we therefore have
1
4π2
∫
M
(
s2gε
24
+
1
2
|W+|2gε
)
dµgε ≤ Cε4 +
1
4π2
∫
Xˇ
(
s2gˇ
24
+
1
2
|W+|2gˇ
)
dµgˇ,
and it thus follows that
lim sup
ε→0+
1
4π2
∫
M
(
s2gε
24
+
1
2
|W+|2gε
)
dµgε ≤
1
2
c21(X).
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The theorem follows.
Corollary 4.4 Let M be the underlying 4-manifold of any compact complex
surface of Kodaira dimension ≥ 0. Let X be the minimal model of M , and
let k be the number of points at which X must be blown up so as to obtain
M . Then
inf
g
∫
M
|r|2dµ = 8π2(c21(X) + k),
where the infimum is taken over all smooth Riemannian metrics on g on M .
Proof. Complex surfaces of Kodaira dimension 2, are, by definition,
precisely those of general type; for these, the result is just the ℓ = 0 case
of Theorem 4.3. On the other hand, the analogous assertion for Kodaira
dimensions 0 and 1 immediately follows from the fact [29] that any elliptic
surface admits sequences of metrics for which Vol(M, g)ց 0, but for which
s and |W+| are uniformly bounded.
In particular, in view of (14), this gives a satisfying new proof of the
following:
Corollary 4.5 Let M be the underlying 4-manifold of any complex surface
of Kodaira dimension ≥ 0. Then
equality holds in (16) ⇐⇒ M is minimal.
We are also see that the invariant Ir is extremely sensitive to changes in
differentiable structure on a topological 4-manifold:
Corollary 4.6 Let X and X˜ be two minimal simply connected complex sur-
faces with the same geometric genus pg 6= 0, but with c21(X)− c21(X˜) = j > 0.
Then for all positive integers k, the 4-manifolds X˜#kCP2 and X#(j+k)CP2
are homeomorphic, but have different invariants Ir.
Proof. The simply connected 4-manifolds X˜#kCP2 and X#(j + k)CP2
are non-spin and have the same invariants b±; Freedman’s classification [13]
therefore tells us that they are homeomorphic. On the other hand, because
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pg 6= 0, these complex surfaces have Kodaira dimension ≥ 0. Theorem 4.3
therefore tells us that
1
8π2
Ir(X˜#kCP2) = c21(X˜) + k = c21(X)− j + k
whereas
1
8π2
Ir(X#(j + k)CP2) = c21(X) + (j + k).
Thus these manifolds have unequal invariants Ir, as claimed.
Note that pairs (X, X˜) of the above kind are as common as garden weeds;
cf. e.g. [5]. For example, if X is of general type, we can always find a simply
connected properly elliptic surface X˜ with the same geometric genus as X .
5 Sectional Curvature and Volume
In the previous section, we considered a differential-topological invariant aris-
ing out of the L2-norm of Ricci curvature. We will now turn to a related
problem which arises in connection with the L∞ norm of sectional curvature.
Recall that the sectional curvature K(P ) of a Riemannian n-manifold
(M, g) is a smooth function on the Grassmann bundle of 2-dimensional sub-
spaces P of TM . At each point x ∈ M , let us consider the bottom sectional
curvature, given by
K(x) := min
P⊂TxM
K(P ).
Then K :M → R is automatically a Lipschitz continuous function, although
it need not be differentiable in general. Notice that we tautologically have
K ≤ s
n(n− 1) ,
so that K is negative on {x ∈M | s(x) < 0}.
Lemma 5.1 Let (M, g) be an oriented Riemannian 4-manifold, and, for x
in M , let w(x) ≤ 0 denote the smallest eigenvalue of W+(x) : Λ+x → Λ+x .
Then
K(x) ≤ s(x)
12
+
w(x)
2
.
If equality holds at x, then W−(x) = 0; and the converse also holds if g is
Einstein.
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Proof. First recall that, in terms of the decomposition
Λ2 = Λ+ ⊕ Λ−,
the curvature operator of an oriented Riemannian 4-manifold can be ex-
pressed in the form
R =


W+ +
s
12
B
B∗ W− +
s
12


, (19)
where W+ and W− are trace-free, and where B : Λ
− → Λ+ exactly cor-
responds to
◦
r. On the other hand, every 2-form ψ on M can be uniquely
written as ψ = ψ+ + ψ−, where ψ± ∈ Λ±. Now a 2-form is expressible as a
simple wedge product of 1-forms iff ψ∧ψ = 0. Thus ψ is simple and has unit
length iff |ψ+|2 = |ψ−|2 = 1
2
. The sectional curvature in the corresponding
2-plane is then
K(P ) =
s
12
+ 〈ψ+,W+(ψ+)〉+ 〈ψ−,W−(ψ−)〉+ 2〈ψ+, Bψ−〉. (20)
Notice, however, that the last term changes sign if ψ− is replaced by −ψ−;
geometrically, this means that the average of the sectional curvatures of an
orthogonal pair of 2-planes only depends on the scalar and Weyl curvatures.
Thus, there is always a 2-plane P ′ for which the sectional curvature is exactly
K(P ′) =
s
12
+ 〈ψ+,W+(ψ+)〉+ 〈ψ−,W−(ψ−)〉.
Hence
K ≤ s
12
+ inf
|ψ+|2= 1
2
〈ψ+,W+(ψ+)〉+ inf
|ψ−|2= 1
2
〈ψ−,W−(ψ−)〉
=
s
12
+
w
2
+
w˜
2
, (21)
where w˜ ≤ 0 is the lowest eigenvalue of W−. In particular,
K ≤ s
12
+
w
2
,
as claimed.
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Proposition 5.2 Let (M, g) be a compact oriented Riemannian 4-manifold
on which there is a solution of the Seiberg-Witten equations. Let c1(L) be the
first Chern class of the relevant spinc structure, and let c+1 denote its self-dual
part with respect to g. Then
−V 1/2min
x∈M
(
K(x) +
s(x)
12
)
≥
√
2π|c+1 |,
where V = Vol(M, g) denotes the total volume of (M, g).
Proof. By Proposition 2.1 we know that
V 1/3
(∫
M
|(2
3
sg + 2wg)−|3dµ
)2/3
≥ 32π2(c+1 )2.
On the other hand,
−4 inf
(
Kg +
sg
12
)
≥
(
2
3
sg + 2wg
)
−
at all points by virtue of M by Lemma 5.1. Hence
V 1/3
(∫
M
∣∣∣4 inf (Kg + sg12
)∣∣∣3 dµ)2/3 ≥ 32π2(c+1 )2,
and so ∣∣∣inf (Kg + sg12
)∣∣∣2 V ≥ 2π2(c+1 )2.
Taking the square root of this inequality then yields the claim.
Let us now consider a natural family of minimal volume invariants [15,
7, 28] defined with respect to only lower bounds on curvature. Let M be any
smooth compact manifold of dimension n. By just considering large constant
multiples of some given metric, one obtains metrics on on M with sectional
curvature K ≥ −1, at the price of making the total volume of M enormous.
This motivated Gromov [15] to define the Gromov minimal volume
VolK(M) := inf { Vol(M, g) | Kg ≥ −1}
as a way of quantifying the degree to which some negative sectional curvature
might be an inevitable feature of all possible geometry on certain manifolds.
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However, it is also very natural to weaken the curvature hypothesis by instead
only imposing lower bounds on the Ricci or scalar curvatures. In particular,
one may consider [28] what we might call the Yamabe minimal volume ofM ,
defined by
Vols(M) := inf
{
Vol(M, g)
∣∣∣∣ sgn(n− 1) ≥ −1
}
,
where our conventions have been chosen so that, by definition,
VolK(M) ≥ Vols(M) ≥ 0.
One key advantage of the latter definition is that the mature theory of the
Yamabe problem [36] allows this minimal volume to be reinterpreted as
Vols(M) = inf
g
∫
M
∣∣∣∣ s−n(n− 1)
∣∣∣∣
n/2
dµg =
{
0, Y (M) ≥ 0(
|Y (M)|
n(n−1)
)n/2
, Y (M) ≤ 0,
where s− = min(s, 0), and where Y (M) is the Yamabe invariant (sigma
constant) of M .
It will now be convenient to consider an interpolation between these two
definitions, gotten by averaging the two curvature conditions under consid-
eration. We thus define the mixed minimal volume of a the smooth compact
manifold M to be
VolK,s(M) = inf
{
Vol(M, g)
∣∣∣∣ 12
(
Kg +
sg
n(n− 1)
)
≥ −1
}
.
This definition has been chosen in such a way that we now have the following
result:
Theorem 5.3 Let M be the underlying 4-manifold of any complex surface
of general type. Then
VolK,s(M) ≥ 9
4
Vols(M).
Moreover, equality holds if M is any complex-hyperbolic manifold CH2/Γ,
and in this case both minimal volumes are achieved by appropriate constant
multiples of the standard metric.
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Proof. Let X be the minimal model of M . Then for every metric g on M
there is a spinc structure with (c+1 )
2 ≥ c21(X) and such that the correspond-
ing Seiberg-Witten invariant is non-zero for the polarization determined by
g; in particular, the scalar curvature s of g is negative somewhere. Thus,
Proposition 5.2 tells us that g satisfies
V
[
min
x∈M
(
K(x) +
s(x)
12
)]2
≥ 2π2(c+1 )2 ≥ 2π2c21(X).
Restricting our attention to metrics for which 1
2
(K + s
12
) ≥ −1, we thus get
VolK,s(M) ≥ 2π
2c21(X)
22
=
π2
2
c21(X).
However [28], Vols(M) =
2π2
9
c21(X), so it follows that
VolK,s(M) ≥ 9
4
Vols(M),
as claimed.
IfM is a complex-hyperbolic manifold, and if g is a multiple of the hyper-
bolic metric, normalized so that its sectional curvatures satisfyK ∈ [−1
3
,−4
3
],
one then has s = −8, and 1
2
(K + s) ≡ −1, whereas s2V = 32π2c21(M) =
32(9
2
Vols(M)). Thus V =
9
4
Vols(M), and
VolK,s(M) =
9
4
Vols(M)
for any complex-hyperbolic 4-manifold.
Because of the tautological inequality
VolK(M) ≥ VolK,s(M),
this immediately implies:
Corollary 5.4 If M is any compact complex surface of general type, then
VolK(M) ≥ 9
4
Vols(M).
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Of course, the constant appearing in this corollary should not be expected
to be sharp. Indeed, inspection of the complex-hyperbolic case would instead
seem to suggest the following:
Conjecture 5.5 If M is any compact complex surface of general type, then
VolK(M) ≥ 4Vols(M),
with equality iff M is complex hyperbolic.
Notice that we have not even shown that only the complex hyperbolic
manifolds saturate the inequality of Theorem 5.3. Nonetheless, we can at
least say the following:
Proposition 5.6 Suppose that M is a complex surface of general type, and
suppose that the mixed minimal volume VolK,s(M) is actually achieved by
some metric g. Then either VolK,s(M) >
9
4
Vols(M), or else (M, g) is a
complex-hyperbolic manifold, normalized so that s ≡ −8.
Proof. Suppose that g is a metric with K + s
12
≥ −2 and total volume
V = 9
4
Vols(M). Thus, letting X denote the minimal model of M , and
choosing a spinc structure on M as in the proof of Proposition 3.2,
2π2c21(X) = 4V ≥ V
[
min
(
K +
s
12
)]2
≥ 1
16
∫
(
2
3
s+ 2w)2−dµ (22)
≥ 32π
2
16
[c+1 ]
2 = 2π2[c+1 ]
2
by virtue of (11). Since the spinc structure is chosen so that [c+1 ]
2 ≥ c21(X),
equality must hold, it follows that c+1 = c1(X) and c
−
1 = 0; in particular,
M = X is minimal. Moreover, since (11) is saturated, Proposition 2.4 tells
us that g is almost-Ka¨hler, with s + s∗ constant, ω an eigenvector of W+
at each point, and c+1 ∝ [ω]. Since c1 = c+1 , the almost-complex structure
satisfies c1 ∝ [ω], so that our almost-Ka¨hler manifold is monotonic in the
terminology of [12].
Since equality holds in (22), we also have
K +
s
12
≡ s
6
+
w
2
,
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and this, for starters, tells us that W− ≡ 0 by (21). Inspection of (20) then
shows that B∗(ω) ≡ 0, so that ω is in fact an eigenvector of the full curvature
operator R. An almost-Ka¨hler manifold with this property is called weakly
∗-Einstein. Because we also know that (M, g, ω) is monotonic, and that
the sum s + s∗ of the scalar and ∗-scalar curvatures is constant, a result of
Dra˘ghici [12, Proposition 2] asserts that (M, g, J) is Ka¨hler-Einstein. But we
also have also observed that W− ≡ 0, so the entire curvature operator is par-
allel, and the universal cover of (M, g) is therefore the symmetric space CH2,
equipped with the unique multiple of its standard metric for which s = −8.
Thus M admits a complex-hyperbolic metric; and this metric is moreover
unique, up to rescalings and diffeomorphisms, by virtue of Mostow rigidity.
We now close with some final remarks concerning minimal volumes. First
of all, one might want to consider more general mixed minimal volumes,
where the scalar and sectional curvatures are weighted differently from above.
It may therefore be worth noting that one can also show that
inf
{
Vol(M, g)
∣∣∣ tKg + (t− 1) s
12
≥ −1
}
≥ (1 + t)2Vols(M)
for any complex algebraic surface M and any constant t ∈ [0, 1
2
]; and again,
equality holds for complex-hyperbolic manifolds. Indeed, it is not hard to
establish inequalities such as
inf
g
∫
M
(
(1− 2t
3
)s+ 4tw
)2
−
dµ ≥ 32π2(c+1 )2
for t ∈ [0, 1
2
], and the assertion then follows. The interesting question, though,
is whether such inequalities still hold for some t > 1
2
.
It would also be interesting to determine whether
Volr(M) = inf {Vol(M, g) | r ≥ −3g}
is strictly larger than Vols(M) when M is a non-minimal complex surface;
our computations of Ir(M) certainly prove such an assertion for the related
invariant
inf {Vol(M, g) | 3g ≥ r ≥ −3g} ≥ 1
36
Ir(M),
defined with respect to two-sided curvature bounds. Because the minimiz-
ing sequences constructed in the proof of Theorem 4.3 actually have huge
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amounts of Ricci curvature concentrated near the blow-ups, both of these
minimal volumes will presumably turn out to be much larger than Ir/36 in
the non-minimal case. A confirmation of this speculation would presumably
also lead to even stronger non-existence theorems for Einstein metrics. And
then, of course, the tautological inequality
VolK(M) ≥ Volr(M)
would most pointedly inform us that our present estimates of the Gromov
minimal volume have barely begun to scratch the surface of the subject.
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